Abstract. In this paper, we study the relation between the uniform Roe algebra and the uniform quasi-local algebra associated to a discrete metric space of bounded geometry. In the process, we introduce a weakening of the notion of expanders, called asymptotic expanders. We show that being asymptotic expanders is a coarse property, and it implies non-uniformly local amenability. Moreover, we also analyse some C * -algebraic properties of uniform quasi-local algebras. In particular, we show that a uniform quasi-local algebra is nuclear if and only if the underlying metric space has Property A.
Introduction
(Uniform) Roe algebras are C * -algebras associated to discrete metric spaces, which reflect and encode the coarse (or large-scale) geometry of the underlying metric spaces. They have been well-studied and have fruitful applications, among which the most important ones would be the (uniform) coarse Baum-Connes conjecture, the Novikov conjecture, the zero-in-the-spectrum conjecture and the conjecture of positive scalar curvature on manifolds (e.g. [25, 27, 36, 37, 38, 39, 40] ).
Recent years there are substantial research about the interplay between coarsegeometric properties of a metric space X with bounded geometry and analytic properties of its uniform Roe algebra C * u (X) (e.g. [1, 2, 8, 15, 16, 25, 31, 35] ). A prototypical result in this direction comes from [11, 19, 25] : a metric space X has Property A if and only if C * u (X) is a nuclear C * -algebra.
A fundamental question is to determine whether a given operator belongs to the uniform Roe algebra. To overcome this issue, Roe introduced the notion of quasi-locality in [21, 22] and showed that operators in uniform Roe algebras are always quasi-local. The converse is open, although it has been proven under additional assumptions on the underlying spaces [9, 28, 29] . This piece revolves around comparing the uniform Roe algebra C * u (X) of a bounded geometry metric space X with the C * -algebra C The motivation for this paper is to look for obstructions to this equality. More precisely, we attempt to tell the difference between C * u (X) and C * uq (X) via the averaging projection P X ∈ B(ℓ 2 (X)) over the coarse disjoint union X = ⊔ n X n of a sequence of finite metric spaces {X n } n∈N (see Definition 3.3) . It is well known that if X is an expander, then P X ∈ C * u (X). On the other hand, P X C * u (X) if X can be coarsely embedded into some Hilbert space according to Finn-Sell's work [10, Proposition 35] . Hence, it is crucial to know when the averaging projection P X belongs to C * uq (X). It turns out that the quasi-locality of P X is equivalent to X being a slight weakening of expanders, called asymptotic expanders.
Definition A (Definition 3.9). A sequence of finite metric spaces {X n } n∈N with |X n | → ∞ is said to be a sequence of asymptotic expanders if for any α > 0, there exist c ∈ (0, 1) and R > 0 such that for any n ∈ N and A ⊆ X n with α|X n | ≤ |A| ≤ |X n |/2, we have |∂ R A| > c|A|, where ∂ R A := {x ∈ X n \A : d(x, A) ≤ R}.
More precisely, we prove the following statement:
Theorem B (Theorem 3.8). Let X be a coarse disjoint union of a sequence of finite metric spaces {X n } n∈N with |X n | → ∞. Then the associated averaging projection P X is quasi-local if and only if {X n } n∈N is a sequence of asymptotic expanders.
Therefore, the existence of a sequence of asymptotic expanders whose coarse disjoint union X can be coarsely embedded into some Hilbert space would imply that the associated averaging projection is quasi-local but does not belong to the uniform Roe algebra of X. In other words, C * u (X) C * uq (X) (see Proposition 7.4). However, we did not yet succeed in finding such an example of X (see Question 7.3).
Asymptotic expanders themselves might be of independent interest to experts in graph theory (see Theorem 3.8 for different formulations similar to the Cheeger constant of expanders). We show that asymptotic expanders are strictly weaker than expanders in general (see Corollary 3.10) . Moreover, we study coarse properties of asymptotic expanders, showing that being a sequence of asymptotic expanders is invariant under coarse equivalences, and is incompatible with uniformly local amenability: Finally, we study C * -algebraic properties of the uniform quasi-local algebra C * uq (X) of a metric space with bounded geometry. As alluded to above, we already know that X having Property A is equivalent to the nuclearity of its uniform Roe algebra C
• X has Property A if and only if the uniform quasi-local algebra C * uq (X) is nuclear;
In particular, Theorem E shows that we can not use nuclearity to distinguish C * uq (X) from C * u (X). Moreover, we know that ℓ ∞ (X) ⊆ C * u (X) is always a Cartan subalgebra, and structural and uniqueness questions for Cartan subalgebras in uniform Roe algebras were intensively studied in [32] .
The paper is organised as follows. In Section 2, we recall some basic notions in coarse geometry which are used throughout the paper. In Section 3, we introduce the notion of asymptotic expanders, and prove Theorem B and Theorem C. We provide a proof of Theorem D in Section 4. Moreover, Section 5 and Section 6 are devoted to Theorem E. In Section 7, we raise several open questions. We close the paper with Appendix A, where we provide a proof of coarse invariance of "being a sequence of expanders" using Poincaré Inequalities.
Preliminaries
Let (X, d) be a discrete metric space, x ∈ X and R > 0. Denote B(x, R) the closed ball in X with centre x and radius R. For any A ⊆ X, denote |A| the cardinality of A,
Recall that a discrete metric space (X, d) has bounded geometry if sup x∈X |B(x, R)| is finite for each R > 0; we shall ocassionally use the notation N X (R) = sup x∈X |B(x, R)|. For A ⊆ X, denote χ A the characteristic function of A. Finally, for x ∈ X, we use the symbol δ x for χ {x} .
Throughout this section, let (X, d) be a discrete metric space of bounded geometry. We recall several basic notions in this section.
Uniform Roe algebras.
Since X is discrete, an operator T ∈ B(ℓ 2 (X)) can be viewed as an X-by-X matrix [T x,y ] x,y∈X with T x,y = Tδ y , δ x ∈ C. We say that T ∈ B(ℓ 2 (X)) has finite propagation if there exists some constant R > 0 such that
The smallest number R satisfying this condition is called the propagation of T.
There are two elementary classes of finite propagation operators: multiplications and partial translations. Given an f ∈ ℓ ∞ (X), the pointwise multiplication provides an operator in B(ℓ 2 (X)) with propagation 0, called a multiplication operator and still denoted by f . For the latter, let D, R ⊆ X and θ : D → R be a bijection. Define a matrix V θ by
If sup x∈D d(x, θ(x)) is finite, then V θ is a finite propagation operator in B(ℓ 2 (X)), called a partial translation (operator) . It is direct to check that the set of all finite propagation operators in B(ℓ 2 (X)) is a * -algebra, called the algebraic uniform Roe algebra of X and denoted by C u [X] . The uniform Roe algebra C * u (X) of X is the operator-norm closure of C u [X] in B(ℓ 2 (X)).
2.2.
Quasi-locality. By definition, an operator in B(ℓ 2 (X)) belongs to the uniform Roe algebra C * u (X) if and only if it can be approximated by finite propagation operators in norm, which is usually not easy to check in practice. In order to find a more intrinsic and practical approach to characterise elements in C * u (X), Roe introduced the following notion of quasi-locality. If for all ε > 0, there exists R > 0 such that T has (R, ε)-propagation, then we say that T is quasi-local.
It is routine to check that the set of all quasi-local operators in B(ℓ 2 (X)) form a C * -subalgebra of B(ℓ 2 (X)), hence we make the following definition:
) be a discrete metric space with bounded geometry. The uniform quasi-local algebra of X, denoted by C * uq (X), is defined to be the C * -algebra of all quasi-local operators in B(ℓ 2 (X)).
It is clear that finite propagation operators are quasi-local, hence after taking closure we know that C * u (X) ⊆ C * uq (X).
2.3.
Comparing C * u (X) with C * uq (X). We already noted that C * u (X) ⊆ C * uq (X) holds generally for discrete metric space. For the opposite inclusion, existing results provide only a sufficient condition: Property A. Property A was introduced by Yu [40] in his study of the coarse Baum-Connes conjecture, and has several different characterisations. Here we recall some of them which are crucial in our arguments later.
Recall that an operator T ∈ B(ℓ 2 (X)) is called a ghost operator if for any ε > 0, there exists a finite subset K ⊆ X such that for any x, y ∈ X \ K, we have |T x,y | < ε. 
Finally, recall a result from [29] showing that the two algebras coincide within the context of Property A.
asymptotic expanders
In this section, we recall the notion of expander graphs and introduce a weaker notion, called asymptotic expenders. The latter has close relation with the associated averaging projection and the uniform quasi-local algebra.
3.1. Expander graphs. Recall that expander graphs are finite graphs which are highly connected but sparse at the same time. The first explicit construction was due to Margulis [17] using Kazhdan's property (T). We start with some basic notions.
Let X = (V, E) be a graph, whose vertex set V is also regarded as a metric space equipped with the edge-path metric d. We shall sometimes abuse the notation and regard "x ∈ X" to mean "x ∈ V". We say that X has bounded valency if there exists some k ∈ N such that for any vertex x ∈ V, there are at most k-vertices connecting x. We set ∂A := ∂ 1 A to denote the 1-boundary of A. Recall: Definition 3.1 ([17] ). Let X = {X n = (V n , E n )} n∈N be a sequence of finite graphs with bounded valency and |V n | → ∞. X is said to be a sequence of expander graphs if there exists some c > 0 such that for any n ∈ N and A ⊆ V n with 1 ≤ |A| ≤ |V n |/2, then |∂A| ≥ c|A|.
Alternatively, we have the following more analytic definition: 
Recall that the discrete Laplacian ∆ Y of a graph Y = (V, E) is a V-by-V matrix, with valencies of vertices on the diagonal; −1 at (x, y)-entry whenever there is an edge connecting x and y; and otherwise 0. For a sequence of graphs as in the proposition above, we denote by ∆ the X-by-X block-diagonal matrix with blocks being ∆ X n . This defines a bounded operator on ℓ 2 (X) (because of the bounded valency), and of propagation 1.
A standard computation shows that the condition in Proposition 3.2 says that the discrete Laplacian ∆ has a uniform spectral gap, i.e., there exists c > 0 such that σ(∆) ⊆ {0} ∪ [c, ∞). Hence we know that χ {0} (∆) is in the C * -algebra generated by ∆, which is contained in the uniform Roe algebra C * u (X). A straightforward calculation shows that χ {0} (∆) is nothing but the averaging projection P X on X, which is defined as follows. The averaging projection of F, denoted by P F , is the orthogonal projection onto the span of χ F ∈ ℓ 2 (Y). In the matrix form, it can be represented by:
i.e., X = n∈N X n as a set, and the metric d on each X n is d n and satisfies:
Define the averaging projection of X to be
which converges in the strong operator topology on B(ℓ 2 (X)), and is a noncompact ghost projection.
From the discussion before Definition 3.3, we obtain the following: Example 3.5. Let X be the coarse disjoint union of a sequence of expander graphs {X n } n∈N with bounded valency at most k. For any n ∈ N, choose an arbitrary finite graph F n of degree at most k, satisfying |F n | → ∞ and |F n |/|X n | → 0. Here we regard X n and F n as metric spaces with the edge-path metrics.
For each n ∈ N, we construct a new graph Y n which is the disjoint union of X n and F n except that one additional edge is attached between two chosen vertices x n in X n and y n in F n . Clearly, Y n is a finite graph of valency at most k + 1. We claim that {Y n } n∈N is not a sequence of expander graphs, but the averaging projection P Y belongs to the uniform Roe algebra C * u (Y), where Y is the coarse disjoint union of {Y n } n∈N .
In fact since |F n |/|X n | → 0, take a sufficiently large n such that
is not a sequence of expander graphs. Now we show that the averaging projection P Y belongs to the uniform Roe algebra C * u (Y). In fact this follows directly from [30, Proposition 2.4] . For convenience of the readers, we provide a proof here. Since X is a subspace of Y, we have P X ∈ B(ℓ 2 (X)) ⊆ B(ℓ 2 (Y)). We claim that the difference P Y − P X is a compact operator in B(ℓ 2 (Y)). In fact direct calculations show that for each n and x, y ∈ Y n :
otherwise.
Since each operator P Y n − P X n is represented by a finite matrix, its operator norm does not exceed its Frobenius norm:
By the assumption that |F n |/|X n | → 0, we have
Asymptotic expanders. Example 3.5 shows that the property of being a sequence of expander graphs cannot be characterised by the condition that the averaging projection belongs to the uniform Roe algebra. However, the counterexample is just a slight deformation of expanders.
In this section, we explore an (at least formally weaker) condition of P X being quasi-local, which does also have a geometric characterisation. We start with some elementary calculations.
Lemma 3.6. Let X be a discrete metric space, F a finite subset of X and A, B ⊆ F. Then
Proof. Without loss of generality, we may assume that X = F. By direct calculations, we have
where the penultimate inequality follows from the Cauchy-Schwarz Inequality.
On the other hand, it is easy to see that From the definition of quasi-locality, we directly obtain the following: Proposition 3.7. Let X be a coarse disjoint union of finite metric spaces {X n } n∈N , and P X be the associated averaging projection. Then P X is quasi-local if and only if the limit
exists and equals zero.
We now establish the geometric equivalence of this condition.
Theorem 3.8. Let X be a coarse disjoint union of finite metric spaces {X n } n∈N with |X n | → ∞, and P X the associated averaging projection. Then the following are equivalent:
(1) P X is quasi-local; (2) for any α > 0, any c ∈ (0, 1), there exists R > 0 such that for any n ∈ N and A ⊆ X n with α|X n | ≤ |A| ≤ |X n |/2, we have |∂ R A| > c|A|; (3) for any α > 0, there exist c ∈ (0, 1) and R > 0 such that for any n ∈ N and A ⊆ X n with α|X n | ≤ |A| ≤ |X n |/2, we have |∂ R A| > c|A|.
Proof. "(1) ⇒ (2)": Suppose (2) fails, i.e., there exist α 0 > 0 and c 0 ∈ (0, 1) such that for any R > 0, there exists n ∈ N and A n ⊆ X n with
Hence we have
which implies that the upper limit
This is a contradiction to the assumption that P X is quasi-local by Proposition 3.7. "(2) ⇒ (3)": This is clear.
"(3) ⇒ (1)":
Suppose P X is not quasi-local, then by Proposition 3.7, we know that
Hence there exists a sequence of natural numbers {m n } n∈N going to infinity, and
Since |A n | ≤ |X m n | and |B n | ≤ |X m n |, we obtain that |A n | ≥ α|X m n | and |B n | ≥ α|X m n |.
By condition (3), for the above α there exists c 0 ∈ (0, 1) and R 0 > 0 such that for any n ∈ N and A ′ ⊆ X n with α|X n | ≤ |A ′ | ≤ |X n |/2, we have
are disjoint. Without loss of generality, we may assume that
By induction, we have
for any n ∈ N. Hence we have
for any n ∈ N, which is a contradiction.
It is clear from Definition 3.1 that for a sequence of expander graphs, condition (3) in the above proposition holds . Hence it can be regarded as a weak notion of expander graphs, and we introduce the following: Definition 3.9. A sequence of finite metric spaces {X n } n∈N such that |X n | → ∞ is said to be a sequence of asymptotic expanders (or asymptotic expander graphs when X n 's are graphs) if for any α > 0, there exist c ∈ (0, 1) and R > 0 such that for any n ∈ N and A ⊆ X n with α|X n | ≤ |A| ≤ |X n |/2, we have |∂ R A| > c|A|.
Do there exist asymptotic expander graphs which are not expander graphs? The answer is affirmative and in fact Example 3.5 already provides such an example, which also suggests that asymptotic expander graphs allow more flexibility under deformations. Let us provide another, purely geometric proof, checking the definition of the asymptotic expanders directly. Fix an α > 0, and set α n := |F n |/|X n | for each n ∈ N. For any A ⊆ Y n with α|Y n | ≤ |A| ≤ |Y n |/2, set A 1 = A ∩ X n and A 2 = A ∩ F n . Clearly by construction, we have |∂A| ≥ |∂ X n A 1 | − 1, where ∂ X n A 1 = ∂(A 1 ) ∩ X n is the boundary of A 1 in X n . Now we consider two cases:
Case 1: |A 1 | ≤ |X n |/2. By the assumption that {X n } n∈N is a sequence of expander graphs, we have |∂
On the other hand, we have
Combining them together, we have:
By assumption α n → 0, hence there exists some N ′ ∈ N and c ′ > 0 such that for any n > N ′ we have |∂A| ≥ c ′ |A|.
It follows from an easy observation that for any B ⊆ X n and b ∈ X n , we have |∂ X n (B ∪ {b})| ≥ |∂ X n B| − 1. So by an inductive argument, we have:
Using the expander condition for the subset A
|. Combining them together, we obtain
On the other hand, we have |A| ≤ |Y n |/2 = |X n |/2 + |F n |/2. Since |X n | → ∞ and |F n |/|X n | = α n → 0, we may find some N ′′ ∈ N and c ′′ > 0 such that for any n > N ′′ , we have
This implies that for any n > N ′′ , we have
Combining the above two cases and taking Finally, taking c = min{ĉ, c ′′′ }, we obtain that for any n ∈ N and A ⊆ Y n with α|Y n | ≤ |A| ≤ |Y n |/2, we have |∂A| ≥ c|A|. Thus the sequence {Y n } n∈N is verified to be a sequence of asymptotic expanders.
3.3. Coarse Invariance. In this subsection, we prove that being a sequence of asymptotic expanders is a coarse property, i.e. that it is invariant under coarse equivalences.
Before we embark on a proof, note that "being a sequence of expander graphs" is preserved under coarse equivalence. This is well-known to experts and a detailed proof can be found, for example, in [26, Lemma 2.7.5] using a graph-theoretic approach. For the convenience of readers, we provide an alternative proof in Appendix A. We shall split the proof of this theorem into several lemmas. First, we fix some notation. We shall use ∂ in R (A) = ∂ R (X \ A) for the inner R-boundary of a set A ⊂ X. Given a space X with bounded geometry, we will denote N X (R) := sup x∈X |B(x, R)|. We apply Lemma 3.12 with Y \ B in place of B. From (3.2) we then get
Lemma 3.12. Let ψ : X → Y be a function between two finite metric spaces, such that ψ(X) is a D-net in Y for some D
which finishes the proof.
Lemma 3.14. With the notation as in Lemma 3.12, assume further that ψ is at most K-to-one (for some K ≥ 1), and denote by ρ + the upper distortion control function (i.e. for all u, v ∈ X: d(ψ(u), ψ(v)) ≤ ρ + (d(u, v))). Then for any S ≥ 0 both A = ψ −1 (B) and
A = ψ −1 (Y \ B) = X \ ψ −1 (B) satisfy |∂ S (A)| ≤ KN X (S)|∂ ρ + (S) (B)|.
Proof. Denote temporarily
. In other words, ψ(u) ∈ ∂ ρ + (S) (B) and as ψ is at most K-to-one, we get |∂ S (C)| ≤ K|∂ ρ + (S) (B)|.
When A = ψ −1 (B) = C, then the above inequality trivially implies
Proof of Theorem 3.11 . Recall that now X = ⊔ n X n and Y = ⊔ n Y n are coarse disjoint unions of finite metric spaces. Since both have bounded geometry, the functions N X and N Y work in particular for any piece X n or Y n , respectively. We are assuming that ϕ is a coarse equivalence, so there are global control functions ρ ± : , y) ) for any x, y ∈ X, and ϕ(X) is a D-net in Y for some D ≥ 0. It follows that there exists K > 0 such that |ϕ −1 (y)| ≤ K for any y ∈ Y. By [14, Lemma 1], without loss of generality, we can assume that ϕ(X n ) is a D-net in Y n for each n, and denote the restriction by ϕ n . Hence ϕ n : X n → Y n is a ρ ± -coarse equivalence and
Assume that {Y n } is not a sequence of asymptotic expanders, i.e. there exists some α ∈ (0, 1 2 ) such that for any R > 0, there exists a sequence B n with B n ⊆ Y k n and α|Y k n | ≤ |B n | ≤ |Y k n |/2, such that |∂ R B n |/|B n | → 0. To simplify the notation and without loss of generality, we assume that k n = n.
Given any S
Thus for sufficiently large n the assumptions of Lemma 3.13 are satisfied (for ϕ n : X n → Y n and B n ), so we get a sequence of subsets A n ⊆ X n with
|B n | ≤ |A n | ≤ |X n |/2. By Lemma 3.14, they also satisfy
Since ϕ n is at most K-to-one, we get
|X n |, so the cardinalities of A n are at least a uniform proportion of X n . Finally,
Thus we have shown that {X n } is not a sequence of asymptotic expanders either.
asymptotic expander graphs are not uniformly locally amenable
In this section, we show that being a sequence of asymptotic expandes leads to the failure of uniform local amenability. Recall from [3] that Property A implies uniform local amenability, while the property of coarse embeddability into Hilbert spaces does not imply it generally (see [3, Corollary 4.3] ). First let us recall the definition: Note that replacing E with E ∩ F, we can assume that E ⊆ F in the above definition. We want to use another equivalent form of ULA as follows. For a finite subset F ⊆ X, define the associated normalised characteristic measure µ F to be µ F (E) := |E ∩ F| |F| for any E ⊆ X. Clearly, µ F is a probability measure with finite support F. Then we can translate ULA in the following language directly:
Lemma 4.2. A metric space (X, d) is uniformly locally amenable if and only if for all R, ε > 0 there exists S > 0 such that for any finite F ⊆ X, there exists E ⊆ F with diam(E) ≤ S and µ F (∂ R E) < µ F (E).
By the same argument as in [3, Theorem 3.8] , ULA implies a special form of the metric sparsification property introduced by Chen, Wang and Wang [6] as follows: 
Proof. Given c ∈ (0, 1) and R > 0, take ε = 1/c − 1. By Lemma 4.2, there exists S > 0 satisfying the condition therein. Given a finite subset F ⊆ X, we set F 1 := F. By assumption, there exists
Similarly, we may set F 3 := F 1 \N R (E 1 )\N R (E 2 ) and continue the process. Since F 1 is finite, it must eventually terminate, providing two sequences F 1 ⊇ F 2 ⊇ . . . ⊇ F n and E 1 , E 2 , . . . , E n such that E i ⊆ F i for all i and
Set Ω i := E i and Ω := i Ω i . We have
which implies that µ F (Ω) > 1/(1 + ε) = c. So we finish the proof. Proof. Assume that X is uniformly locally amenable. Setting c = 1/2 and given R > 0, by Lemma 4.3 there exists S = S(R) > 0 such that for any finite subset F ⊆ X, there exists Ω ⊆ F with a decomposition Ω = i Ω i satisfying the conditions therein. Hence for each n ∈ N, there exists Ω (n) ⊆ X n with a decomposition
satisfying:
Set N(R) := sup x∈X |B(x, S(R))|, which is finite since X has bounded geometry. For the given R, we may choose n sufficiently large such that
has cardinality at most N(R), we may take a decomposition I = I 1 ⊔ I 2 such that for
we have A n ⊔ B n = Ω (n) and
Note that by construction we have d(A n , B n ) ≥ R and:
for sufficiently large n. In conclusion for any R > 0, we obtain K ∈ N and sequences {A n } n>K , {B n } n>K with A n , B n ⊆ X n , such that d(A n , B n ) ≥ R and
. This is a contradiction, so we finish the proof.
Nuclearity of uniform quasi-local algebras
From [25, Theorem 5.3] and Proposition 2.4 we know that the uniform quasilocal algebra C * uq (X) is nuclear for every discrete metric space with bounded geometry and Property A. In this section, we provide a proof for the converse implication: the nuclearity of the uniform quasi-local algebra C * uq (X) implies that X has Property A.
Firstly, let us recall some related notions and facts: We need the following auxiliary lemma characterising Property A, which is a slight modification of Proposition 2.3. The proof is elementary, hence we leave it to the readers. (see also [7] ) that "(1) ⇒ (5) ⇒ (4)" holds.
On the other hand, since C * u (X) is a subalgebra of C * uq (X), we know that condition (4) implies that all ghost operators in C * u (X) are compact. Hence from Proposition 2.3 again, we obtain "(4) ⇒ (1)". Also notice that due to the fact that the composition of two completely positive maps is nuclear provided either one of them is, we know that "(2) ⇒ (3)" holds.
Therefore, it suffices to prove "(3) ⇒ (1)". To summarise the rest of the proof, we follow [5, Theorem 5.5.7] to construct "Property A" vectors (Proposition 2.3); but in the last step, instead of uniform bound on supports, we use quasi-locality to get strong summability, as in condition (c) in Lemma 5.3.
Assume that the inclusion C * u (X) ֒→ C * uq (X) is nuclear. Let R > 0 and ε > 0. Since X has bounded geometry, there exists a finite set F of partial isometries in C u [X] with the property that for any x, y ∈ X with d(x, y) ≤ R, there exists v ∈ F such that vδ x = δ y (see e.g. [29, Lemma 2.6] ). Since the inclusion C * u (X) ֒→ C * uq (X) is nuclear, there exist unital completely positive maps φ :
Denoting {e ij } 1≤i, j≤n the matrix units of M n (C), the matrix [ψ(e ij )]
1/2 ∈ M n (C * uq (X)) and denote {ξ i } 1≤i≤n the standard basis for C n . We define
Note that C n ⊗ C n ⊗ C * uq (X) is a Hilbert C * uq (X)-module equipped with an inner product ·, · defined by
where ·, · C n is the standard inner product on C n , linear in the second variable. Note that M n (C) ⊗ M n (C) acts on (the first two tensor factors of) C n ⊗ C n ⊗ C * uq (X). With this action, it is straightforward to check that for any A ∈ M n (C) we have
, which implies that ξ ψ C * uq (X) = 1 (choosing A = 1). Denoting by {η l } 1≤l≤n 2 the standard basis for C n 2 C n ⊗ C n , we write
Now we define a map ζ : X → ℓ 2 (X) by
We proceed analogously to the argument in the proof of [5, Theorem 5.5.7] to show that ζ satisfies the conditions (a) and (b) from Lemma 5.3. For the convenience of readers, we present the details here as well. For any x ∈ X, we have: also equivalent to: (6) C * uq (X) is exact; (7) C * uq (X) is locally reflexive. Indeed, since nuclearity implies exactness and exactness implies locally reflexivity, it remains to prove condition (7) implies X having Property A. Suppose not, then X is a weak expander by [24, Lemma 2.6] . In particular, the uniform Roe algebra C * u (X) is not locally reflexive (see [24, Theorem 1.1] ). Since locally reflexivity is preserved under taking C * -subalgebras, we conclude that C * uq (X) is not locally reflexive as well (see [5, Chapter 9] for more details).
Finally, we record here that if the box space X is a sequence of asymptotic expanders then X must be a weak expander (see Theorem 4.4 
Cartan subalgebras
The main result of this section is Proposition 6.1, which provides another take on the question when C * u (X) = C * uq (X), now in the context of Cartan subalgebras of these algebras.
Recall that a pair of C * -algebra B ⊆ A is a Cartan pair [20] if B is a maximal abelian self-adjoint subalgebra such that the normaliser of B generates A as a C * -algebra, and there exists a faithful conditional expectation E : A → B. It is clear that ℓ ∞ (X) ⊆ C * uq (X) is a Cartan pair if and only if the normaliser of ℓ ∞ (X) generates C * uq (X). Proposition 6.1. Let X be a discrete metric space with bounded geometry. Then the following are equivalent:
To prove it, we need the following lemma analysing the normaliser of ℓ ∞ (X): Proof. It is straightforward to check that for T = f V θ satisfying condition (3), we have T ∈ C * u (X) ⊆ C * uq (X), and it normalise ℓ ∞ (X). This implies "(3) ⇒ (1)" and "(3) ⇒ (2)".
For the other directions, note that any element in the normaliser of ℓ ∞ (X) in B(ℓ 2 (X)) has the form of T = f V θ for some f ∈ ℓ ∞ (X) and θ : D → R for D, R ⊆ X. One can check directly that such an element f V θ is quasi-local if and only if for any ε > 0, there exists some
The same condition also implies that f V θ is approximable in norm by operators with finite propagation (simply finite propagation cutdowns of f V θ ).
Proof of Proposition 6.1. Since ℓ ∞ (X) ⊆ C * u (X) is a Cartan pair, we have "(1) ⇒ (2) ⇒ (3)". Now condition (3) says that C * uq (X) is generated by the normaliser of ℓ ∞ (X) in C * uq (X), which coincides with the normaliser of ℓ ∞ (X) in C * u (X) by Lemma 6.2, showing that condition (1) holds.
Open questions
According to Proposition 2.4 and Proposition 6.1, we may ask the following natural question: Question 7.1. Let X be a discrete metric space with bounded geometry. Suppose that ℓ ∞ (X) is a Cartan subalgebra of the uniform quasi-local algebra C * uq (X). Does X have Property A?
Let {Y n } n∈N be the sequence of asymptotic expander graphs in Example 3.5 (see also Corollary 3.10). Since the averaging projection P Y sits inside the uniform Roe algebra C * u (Y) for the coarse disjoint union Y = ⊔ n Y n , it follows that Y does not satisfy the coarse Baum-Connes conjecture provided that {Y n } n∈N has large girth (see [12] , [13] and [34, Theorem 6.1]). Does this conclusion hold generally? Question 7.2. If {Y n } n∈N is any sequence of asymptotic expander graphs with large girth and let Y be its coarse disjoint union, does the coarse Baum-Connes conjecture for Y fail?
We now turn to the relation between asymptotic expanders and coarse embeddability. It is well known that a sequence of expander graphs can not be coarsely embedded into any Hilbert space (see e.g. [18, Theorem 5.6.5] ). Proof. It follows from the hypothesis and Theorem 3.8 that the averaging projection P X belongs to the uniform Roe algebra C * u (X). On the other hand, if X can be coarsely embedded into a Hilbert space, then C * u (X) does not possess any non-compact ghost projection by [10, Corollary 36] and [40] . Since P X is always a non-compact ghost projection, we complete the proof.
If Question 7.3 has an affirmative answer (i.e., there exists a sequence of asymptotic expanders which can be coarsely embedded into some Hilbert space), then from Proposition 7.4 we would provide an example of a space X such that the uniform Roe algebra C * u (X) is properly contained in the uniform quasi-local algebra C * uq (X), which answers Question 6.7 in [29] .
Appendix A. Coarse invariance of expander graphs
It is known to experts that the condition of being expanders is preserved under coarse equivalences. A detailed proof can be found in [26, Lemma 2.7.5] using a graph-theoretic method. Here we provide an alternative proof using Poincaré Inequalities.
For metric spaces A ⊆ X ⊆ Y, we denote ∂ X A = ∂A ∩ X the boundary of A in X. If F is a finite set, we can endow it with a metric d such that d(x, y) = 1 whenever x y ∈ F. We shall refer to this metric as the complete graph metric, since this is exactly the path metric on a complete graph with vertex set F. 
